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PSEUDORIEMANNIAN METRICS ON SPACES 
OF BILINEAR STRUCTURES 



Olga Gil-Medrano^ 
Peter W. Michor 
Martin Neuwirther^ 

Abstract. The space of all non degenerate bilinear structures on a manifold 
M carries a one parameter family of pseudo Riemannian metrics. We deter- 
mine the geodesic equation, covariant derivative, curvature, and we solve the 
geodesic equation explicitly. Each space of pseudo Riemannian metrics with 
fixed signature is a geodesically closed submanifold. The space of non degen- 
erate 2-forms is also a geodesically closed submanifold. Then we show that, 
if we fix a distribution on M, the space of all Riemannian metrics splits as 
the product of three spaces which are everywhere mutually orthogonal, for the 
usual metric. We investigate this situation in detail. 
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0. Introduction 

If M is a (not necessarily compact) smooth finite dimensional manifold, 
the space B = C^{GL{TM,T*M)) of aU non degenerate ©-tensor fields 
on it can be endowed with a structure of an infinite dimensional smooth 
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manifold modeled on the space C^{L{TM,T*M)) of Q -tensor fields with 
compact support, in the sense of [Michor, 1980]. The tangent bundle of B is 
TB — Bx C^{L{TM, T*M)) and we consider on B the one parameter family 
of smooth pseudo Riemannian metrics defined in section 1. 

Section 2 is devoted to the study of the geometry of G"). We start 
by computing the geodesic equation, using variational methods, and from 
it the covariant derivative and the curvature of the Levi-Civita connection 
are obtained. We explicitly solve the geodesic equation and we find the do- 
main of definition of the exponential mapping which is open for the topology 
considered on B. We show that the exponential mapping is a real analytic 
diffeomorphism from an open neighborhood of zero onto its image. 

Pseudo Riemannian metrics of fixed signature and non degenerate 2-forms 
arc splitting submanifolds of B. In section 3 wc show that they are geodesically 
closed. In particular this applies to the manifold Ai of all Riemannian metrics 
on M, with its usual metric, the geometry of which has been studied in [Ebin, 
1970], [Freed, Groisser, 1989], [Gil-Medrano, Michor, 1990]. If M is compact, 
the space of symplectic structures on M is also a splitting submanifold, it 
seems that it should admit a connection for the induced metric, but we have 
not been able to find it because the exterior derivative has a complicated 
expression in the terms in which the metric is simple. 

Finally in section 4 we investigate the splitting of M induced by fixing a 
distribution V C TM: it turns out to be the product of the space M.{V) of all 
fiber metrics on the distribution, the space Ai{TM/V) of all fiber metrics on 
the normal, and the space Vv{M) of all almost product structures having V 
as the vertical distribution. Each slice M.{V) x J\4{TM/V) is a geodesically 
closed submanifold and the induced metric on each slice Vv{M) is flat. As a 
Riemannian manifold A4 turns out to be what is usually known as a product 
with varying metric on the fibers. If the distribution V is the vertical bundle 
of a fiber bundle (£", p, B) then Vv{E) is just the space of all connections and 
we expect that results of this section could be used for studying the moduli 
space of connections modulo the gauge group. This paper is a sequel to [Gil- 
Medrano, Michor, 1990] and essentially the same techniques and ideas are 
used. We will refer to it frequently. 

1. The general setup 

1.1. Bilinear structures. Let M be a smooth second countable finite di- 
mensional manifold. Let ®^T*M denote the vector bundle of all (2) -tensors 
on M which we canonically identify with the bundle L{TM,T*M). Let 
GL{TM,T*M) denote the non degenerate ones. For any b : T^M T*M 

we let the transposed be given by 6* : T^M T**M ^ T*M. As a bilinear 
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structure b is skew symmetric if and only if b* = —b, and b is symmetric if 
and only if b* = b. In the latter case a frame (cj) of T^M can be chosen in 
such a way that in the dual frame (e^ ) of T*M we have 

6 = ® + • ■ • + e^' ® - e^+^ ® 6^+^ - e^+^ ® 6^+^; 

b has signature (p, q) and is non degenerate if and only if p + q = n, the 
dimension of M. In this case q alone will be called the signature. 

A section b E C'^{GL{TM,T*M)) will be called a non degenerate bi- 
linear structure on M and we will denote the space of all such structures 
by B{M) ^ B := C°°{GL{TM,T*M)). It is open in the space of sections 
C°°{L{TM,T*M)) for the Whitney C°°-topology, in which the latter space 
is, however, not a topological vector space, since converges to if and 
only if h has compact support. So the space Be = C^{L{TM,T*M)) of sec- 
tions with compact support is the largest topological vector space contained in 
the topological group {C^{L{TM, T*M)), +), and the trace of the Whitney 
C°°-topology on it coincides with the inductive limit topology 

C^{L{TM, T*M)) = Imj C^(L(TM,T*M)), 

K 

where C'^{L{TM,T*M)) is the space of all sections with support contained 
in K and where K runs through all compact subsets of M. 

So we declare the path components of B = C^{GL{TM,T*M)) for the 
Whitney C°°-topology also to be open. We get a topology which is finer than 
the Whitney topology, where each connected component is homeomorphic to 
an open subset in B^ = C^{L{TM,T*M)). So B = {GL{TM,T* M)) is 
a smooth manifold modeled on nuclear (LF)-spaces, and the tangent bundle 
is given by TB = B x Be- 

1.2. Remarks. The main reference for the infinite dimensional manifold 
structures is [Michor, 1980]. But the differential calculus used there is not 
completely up to date, the reader should consult [Frolicher, Kriegl, 1988], 
whose calculus is more natural and much easier to apply. There a mapping 
between locally convex spaces is smooth if and only if it maps smooth curves 
to smooth curves. Sec also [Kriegl, Michor, 1990] for a setting for real analytic 
mappings along the same lines and applications to manifolds of mappings. 

As a final remark let us add that the differential structure on the space 
B of non degenerate bilinear structures is not completely satisfying, if M is 
not compact. In fact C°°{L{TM,T*M)) is a topological vector space with 
the compact C°°-topology, but the space B = C^{GL{TM,T*M)) of non 
degenerate bilinear structures is not open in it. Nevertheless, we will see 
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later that the exponential mapping for some pseudo riemannian metrics on 
B is defined also for some tangent vectors which are not in Be- This is an 
indication that the most natural setting for manifolds of mappings is based on 
the compact C°°-topology, but that one loses existence of charts. In [Michor, 
1984] a setting for infinite dimensional manifolds is presented which is based 
on an axiomatic structure of smooth curves instead of charts. 

1.3. The metrics. The tangent bundle of the space 

B = C^{GL{TM, T*M)) 

of bilinear structures is 

TB = BxBc = C°°{GL{TM,T*M)) x C^(L(TM,T*M)). 

Then b E B induces two fiberwise bilinear forms on L{TM, T*M) which are 
given by {h,k) ^ tT{b-'^hb-^k) and {h,k) ^ tr(6-^/i) tr(6-^A;). We split 
each cndomorphism H = b~^h : TM TM into its trace free part Hq := 
H — ^j^^Id and its trace part which simplifies some formulas later on. Thus 
we have tr{b-^hb-^k) = tr((6-i/i)o(6"^/c)o) + tr{b-^h) tr{b-^k). The 

structure b also induces a volume density on the base manifold M by the 
local formula 

vol(6) = ^\ det(bij) \ \dxi A • • • A dxn\- 
For each real a we have a smooth symmetric bilinear form on B, given by 

G^{h,k)= I {ti{{b-^h)o{b-^k)o) + ati{b-^h)tT{b-^k))vol{b). 
Jm 

It is invariant under the action of the diffeomorphism group Diff(M) on the 
space B of bilinear structures. The integral is defined since h, k have compact 
support. For n = dimM we have 

Gb{h, k) := Gl^^'ih, k)= [ ti{b-^hb-^k) vol(6), 

which for positive definite b is the usual metric on the space of all Riemannian 
metrics considered by [Ebin, 1970], [Freed, Groisser, 1989], and [Gil-Medrano, 
Michor, 1990]. We will see below in 1.4 that for a 7^ it is weakly non 
degenerate, i.e. G^ defines a linear injective mapping from the tangent space 
ThB = Bc^ C^{L{TM,T*M)) into its dual C^{L{TM,T*M)y , the space 
of distributional densities with values in the dual bundle. This linear mapping 
is, however, never surjective. So we have a one parameter family of pseudo 
Riemannian metrics on the infinite dimensional space B. The use of the 
calculus of [Frolicher, Kriegl, 1988] makes it completely obvious that it is 
smooth in all appearing variables. 
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1.4. Lemma. For h,k e Tf^B we have 

G^{h, k) = Gb(h + ^H—l tr{b-^h)b, k), 

n 

Gb{h,k) =GUh ^ti{b-^h)b,k), ifaj^O, 

an'' 

where n = dimM. The pseudo Riemannian metric G'^ is weakly non degen- 
erate for all a ^ 0. 

Proof. The first equation is an obvious reformulation of the definition, the 
second foUows since h ^ h — tT{b~^h)b is the inverse of the transform 
h ^ h + ^^tT{b-^h)b. Since tr(6-i/ia;(6^^/ix)*'^) > if h^; ^ 0, where 
is the transposed of a Unear mapping with respect to an arbitrary fixed 
Riemannian metric g, we have 

Gb{h,b{b-^hY^3) = [ tr{b-^h{b-^hY^^)vol{b) > 

if h ^ 0. So G is weakly non degenerate, and by the second equation G'^ is 
weakly non degenerate for a ^ 0. □ 

1.5. Remark. Since G'* is only a weak pseudo Riemannian metric, all ob- 
jects which are only implicitly given a priori lie in the Sobolev completions of 
the relevant spaces. In particular this applies to the formula 

2G« it V^C) =eG- (77, C) + VG^ (CO - CG" (C V) 

+ G"([e,r7],C) + G"([r7,C],0-G"([C,^],r7), 

which a priori gives only uniqueness but not existence of the Levi Civita 
covariant derivative. But we refer to [Gil-Medrano, Michor, 1990, 2.1] for a 
careful explanation of the role of covariant derivatives etc. 

1.6. Lemma. For x & M the pseudo metric on GL{TrgM, T*M) given by 

IbjK, K) := tTiib-''hMK^k^)o) + «tr(6-i/i^) tiib-^k^) 

has signature (the number of negative eigenvalues) for a > and has 

signature (Iliil^zii -|- i) for a < 0. 

Proof. In the framing H — b~^hx and K — b~^kx we have to determine the 
signature of the symmetric bilinear form H,K ^ tr{HoKo) + atr{H) tr{K). 
Since the signature is constant on connected components we have to determine 
it only for a = - and a — - — 1. 
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For a = ^ we note first that on the space of matrices H,K t-^ tr (HK*) 
is positive definite, and since the hnear isomorphism K t-^ has the space 
of symmetric matrices as eigenspace for the eigenvalue 1, and has the space 
of skew symmetric matrices as eigenspace for the eigenvalue —1, we conclude 
that the signature is in this case. 

For a = ^ — 1 we proceed as follows: On the space of matrices with 

zeros on the main diagonal the signature of H,K t-^ tv{HK) is by the 

argument above and the form H,K y-^ — tr(i7) tr(iir) vanishes. On the space 
of diagonal matrices which we identify with the whole bilinear form is given 
by {x,y) = Ylii^^y^ ~(Ylii^^)(Yliiy^)- Let (e^) denote the standard basis of IR"' 
and put ai := Mei-\ he^) and := , ^ (eH hei_i - (z-l)ej) 

for i > 1. Then (ai, ai) = — 1 + ^ and for z > 1 we get (a^, aj) = Sij. So the 
signature there is 1. □ 



2. Geodesics, Levi Civita connection, and curvature 

2.1. Let t ^ b(t) be a smooth curve in B: so b : R x M ^ GL{TM,T*M) 
is smooth and by the choice of the topology on B made in 1.1 the curve b{t) 
varies only in a compact subset of M, locally in t, by [Michor, 1980, 4.4.4, 
4.11, and 11.9]. Then its energy is given by 



where bt = ■§ib{t). 

Now we consider a variation of this curve, so we assume now that (t, s) i— > 
s) is smooth in all variables and locally in (t, s) it only varies within a 
compact subset in M — this is again the effect of the topology chosen in 1.1. 
Note that 0) is the old b{t) above. 
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2.2. Lemma. In the setting of 2.1 we have the first variation formula 
§-JoE{G^ral{b{ ,s)) = GUbt, bs)\lzZ+ 

+ [ ' G{-btt + hb-% + ]- tr{b-\b-^bt)b - I tr{b-^bt)bt+ 

Jao 4 ^ 

+ ai- tr{b-\t) - ^ tr{b-\f + tr{b-\b-\))b, b,) dt = 
= G'S{b„b,)\l=ll + 

G^i-bu + btb-\ - - tTib-\)bt + ^ tr{b^'b-\)b+ 

Proof We may interchange ^ | o with the first integral describing the energy 
in 2.1 since this is finite dimensional analysis, and we may interchange it with 
the second one, since Jj^ is a continuous linear functional on the space of all 
smooth densities with compact support on M, by the chain rule. Then we 
use that tr* is linear and continuous, d{Yol){b)h — | tr{b~^h) vol(6), and that 
d{{ )~^)^{b)h = —b~^hb~^ and partial integration. □ 

2.3. The geodesic equation. By lemma 2.2 the curve 1 1— > b{t) is a geodesic 
if and only if we have 

1 1 CVT) 1 

btt = btb-\ - - tv{b-\)h + ^ tv{b-\b-%)b + tv{b-%)H. 

= Th{bt,bt), 

where the G^-Christoffel symbol F"" : B x Be x Be ^ Be is given by symmetri- 
sation 

r^(/i, k) = ^hb-^k + ^kb-^h - ^ tT{b-^h)k - ^ tr{b-^k)h+ 

1 CVTl 1 

+ tT(b-^hb-^k)b + -r—^ tr(b-^h) tr(b-^k)b. 

The sign of is chosen in such a way that the horizontal subspace of T^B is 
parameterized by {x,y; z^Fxiy, z)). If instead of the obvious framing we use 
TB = BxBc3 {b,h) ^ {b,b-^h) =: {b,H) e {b} x C^{L{TM,TM)), the 
ChristofFel symbol looks like 

T^b{H, K) = \{HK + KH) - \ ir{H)K - \ ir{K)H 

1 niT) — 1 

+ — tr(™+^tr(7/)trW. 
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and the G'^-geodesic equation for B{t) := b ^bt becomes 

2.4. The curvature. For vector fields X, Y E 3C{J\f) and a vector field 
s : Af ^ TM along f : M ^ M we have 

R{X,Y)s = (V[x,y]-[Vx, Vy])s - {K oTK - K oTK oktm)°T^soTX oY, 

where K : TTM ^ M is the connector (see [Gil-Medrano, Michor, 2.1]) and 
where the second formula in local coordinates reduces to the usual formula 

R{h, k)e = dv{h){k, i) - dv{k){h, e) - r(/i, r{k, e)) + r{k, r{h, e)). 

A global derivation of this formula can be found in [Kainz, Michor, 1987]. 

2.5. Theorem. The curvature for the pseudo Riemannian metric on the 
manifold B of all non degenerate bilinear structures is given by 

b-^R^{h, k)l = ^[[H, K],L] + ^{- tr{HL)K + tr{KL)H) + 

Aan — San^ -\- An — A , . / ^ x 

+ W M^f)ML)K- 

-tr(i^) tr{L)H) + 

Aa^n? - Aan + ari^ + 3 , ,rTT\^ ^t^\t i 
+ MHL)triK)Id 

-ir{KL) tr{H)Id), 
where H = b~^h, K = b~^k and L = b~^l. 
Proof. This is a long but direct computation. □ 

The geodesic equation can be solved explicitly and we have 

2.6. Theorem. Let b'^ E B and h G T^oi? = Be- Then the geodesic for the 
metric in B starting at 6° in the direction of h is the curve 

Exp^o(t/i) = 60e("W^'^+''W-^°\ 

where Hq is the traceless part of H := {b^)~^h (i.e. Hq = H — ^^^J^^ Id) and 
where a{t) — aa^nit) and b{t) = ba,Hit) in C°°{M) are defined as follows: 

aaMt) = - log (^(1 + ^ tr{H)f + tr(£r2) 

, ^ arctan ( ) ^-i tr(iy2) > q 



ba,H{t) = < 



Artanh f^^^^) for tr{Hi) < 
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Here arctan is taken to have values in (— f, f ) for the points of the basis 
manifold, where tT{H) > 0, and on a point where tr(iy) < we define 



t^a-HT{Hl) 



arctan in [0, ^) for t G [0, — tr(jj-) ) 



arctan in (f ,7r) fort e (~ tr(ff) ' '^)- 

To describe the domain of definition of the exponential mapping we consider 
the sets 

Z^: = e M : i ir^{Hl) = and iTx{H) < 0}, 

G^: ={xeM :0> -ti^{H^) > -ir^{Hf and ira^{H) < 0} 

a 

= {xeM : a-f{h, h) ^ 7°(/i, /i) ^ /or a ^ 0, tr^(iy) < 0}, 

E^: ={xeM : -tvJHf = -tiJE^) and trJH) < 0} 

a 

= {x e M :^''{h,h) = and tTa;{H) < 0}, 

a 

= e M : 7«(/i, /t) ^ for a ^ 0}, 

where ^{h,h) = tra;(i?^), and ^°'{h,h) = tixiHo) + atTx{H)^, see 1.6, are 
the integrands of Gi,o{h,h) and G^o{h,h), respectively. Then we consider the 
numbers 

^ :xe Z'^}, 





= inf{ 




= inf {4 




= inf{ 


l^: 


- inf {4- 



tr,(iy) 

-atr^(ij") - -air x{Hl) ^ 

trx{Hi) + atr{Hr " ^ ^' 



tr.(if) 



if the corresponding set is not empty, with value oo if the set is empty. 
Put : ~ infj^'^, ^f'^, e^, Z'^}. Then Expyj(t/i) is maximally defined for 
t E [0,m^). 

The second representations of the sets G'^, L^, and clarifies how to take 
care of timehke, spacelike, and lightlike vector, respectively. 
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Proof. The geodesical equation is very similar to that of the metric G on 
the space of all Riemannian metrics, whose solution can be found in [Freed, 
Groisser, 1989], see also [Gil-Medrano, Michor, 1990]. The difference now is 
essentially that one should control the sign of various appearing constants. 
Here we use a slightly simpler method that unable us to deal only with scalar 
equations. Using X{t) := g~^gt the geodesic equation reads as 

and it is easy to see that a solution X satisfies 

X^ = -ltr(X)Xo. 

Then X{t) is in the plane generated by Hq and Id for all t and the solution 
has the form g{t) = b° exp{a{t)Id + b{t)Ho). Since gt = g{t){a'{t)Id + b'{t)Ho) 
we have 

X(t) = a'(t)Id + b'(t)Ho and 
X'{t) = a"{t)Id+b"{t)Ho, 
and the geodesic equation becomes 

a"{t)Id + b"{t)Ho = - -na'{t){a'{t)Id + b'{t)Ho) + 

+ -^{na'itf + b'{tf tr{Hi))Id+ 
4:an 

We may assume that Id and Hq are linearly independent; if not Hq = and 
b{t) — 0. Hence the geodesic equation reduces to the differential equation 

4^ ^ Aan ^ ' 

b = a b 

2 

with initial conditions a(0) = 6(0) = 0, a'{0) = and b'{0) = 1. 

If we take p{t) — exp(^a) it is easy to see that then p should be a solution 
of p'" = and from the initial conditions 

p{t) = 1 + ^ tr(i?) + ^(tr(iy)2 + a-' tv{H^)). 

Using that the second equation becomes b' = p~^, and then b is obtained just 
by computing the integral. The solutions are defined in [0, m'^) where m'^ is 
the infimum over the support of h of the first positive root of the polynomial 
p, if it exists, and oo otherwise. The description of is now a technical 
fact. □ 
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2.7. The exponential mapping. For 6° e GL{T^M,T*M) and H = 
{b^y^h let Cfoo be the subset of L{T^M,T*M) given by the union of the 
sets (compare with Z'*, G'*, E^, from 2.6) 

{/i:tr(iy2) = 0,tr(if)<-4}, 



{/i : -tr(iy)2 = itr(iy2),tr(iy) < -2}, 

Q! 



{/. : -tr(if)^ > itr(go^),4 -"^^(g]-V^-"^^(f°) < 1}^^— 
*■ ^ ^ a ^ tr(iy2) + cKtr(iy)2 - 



which by some hmit considerations coincides with the union of the following 
two sets: 

1 



{h:0> -tr(m) > -tr( HY 
a 



So Ci,a is closed. Wc consider the open sets := L{TxM,T*M) \ C50, 
t/^„ := {{b^)-^h : h G Ubo} C L{T^M,T^M), and finally the open sub fiber 
bundles over GL{TM, T*M) 

U ■. = [j {{6°} X t/feo : 6° e GL{TM,T*M)] C 
C GL{TM, T*M) Xm L{TM, T*M), 

U' :^\J {{6°} X t/^o : 6° G GL{TM, T*M)} C 
CGL{TM,T*M) Xm L{TM,TM). 

Then we consider the mapping $ : t/ ^ GL{TM, T*M) which is given by the 
following composition 

U ^U' ^ GL{TM, T*M) Xm L{TM, TM) ^'^''""'^"'') 



^'^''^'''"') GL{TM,T*M) Xm GL{TM,TM) i GL{TM,T*M), 



where h) := (fe*^, (6°) ^/i) is a fiber respecting diffeomorphism, \){b^, H) := 
is a diffeomorphism for fixed 6^, and where the other two mappings will 
be discussed below. 
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The usual fiberwise exponential mapping 

exp : L{TM,TM) GL{TM,TM) 

is a diffeomorphism near the zero section, on the ball of radius tt centered 
at zero in a norm on the Lie algebra for which the Lie bracket is sub multi- 
plicative, for example. If we fix a symmetric positive definite inner product 

then exp restricts to a global diffeomorphism from the linear subspace of 
^-symmetric endomorphisms onto the open subset of matrices which are pos- 
itive definite with respect to g. 11 g has signature this is no longer true since 
then (/-symmetric matrices may have non real eigenvalues. 

On the open set of all matrices whose eigenvalues A satisfy |$jA| < tt, the 
exponential mapping is a diffeomorphism, see [Varadarajan, 1977]. 

The smooth mapping ip : U' ^ GL{TM,T*M) Xm L{TM,TM) is given 
by ip{b^,H) := [iP ,ac,H{l)Id + hc,H{l)Ho) (see theorem 2.6). It is a diffeo- 
morphism onto its image with the following inverse: 



tr(g) 

e 4 cos 



-.e 4 sm 




if tr{Hi) 



V«-itr(if2) 

^ / tr{H) \ 

^ ( e 4 — Ij Id otherwise, 

where cos is considered as a complex function, cos(z2;) = z cosh (2;). 

The mapping (pri,$) : U GL{TM,T*M) Xm GL{TM,T*M) is a dif- 
feomorphism on an open neighborhood of the zero section in U. 

2.8. Theorem. In the setting of 2. 7 the exponential mapping Exp^o for the 
metric is a real analytic mapping defined on the open subset 

Ubo := {h e C^{L{TM,T*M)) : (6°,/i)(M) C U} 

and it is given by 

Expfco(/i) = $o(6°,/i). 

The mapping (7rB,Exp) : TB B x B is a real analytic diffeomorphism from 
an open neighborhood of the zero section in TB onto an open neighborhood 
of the diagonal in B x B. is the maximal domain of definition for the 

exponential mapping. 

Proof. Most assertions are easy consequences of the considerations above. For 
real analyticity of Exp the proof of [Gil-Medrano, Michor, 1990, 3.4] applies 
which made use of deep results from [Kriegl, Michor, 1990] □ 
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3. Some submanifolds of B 

3.1. Submanifolds of pseudo Riemannian metrics. We denote by M.'^ 
the space of all pseudo Riemannian metrics on the manifold M of signature 
(the dimension of a maximal negative definite subspace) q. It is an open set 
in a closed locally affine subspace of B and thus a splitting submanifold of it 
with tangent bundle TM'^ = M'^ x C^{S^T*M). 

We consider a geodesic b{t) — })^e{°'{^)id+b{t)Ho) ^^iq metric G"" in B 
starting at 6° in the direction of /i as in 2.6. If 6° e A^^ then h e Tf,oM^ if 
and only ii H = {b^)~^h e I/sym.bo (TM, TM) is symmetric with respect to the 
pseudo Riemannian metric iP . But then e{<t)id+mHo) ^ Lsyra,b°{TM,TM) 
for all t in the domain of definition of the geodesic, so h{t) is a curve of pseudo 
Riemannian metrics and thus of the same signature g as 6^. Thus we have 

3.2. Theorem. For each q < n = dimM the submanifold Ai'^ of pseudo 
Riemannian metrics of signature q on M is a geodesically closed submanifold 
of {B, G") for each a^O. 

Remark. The geodesies of {Ai'^j G") have been studied, for a = -, in [Freed, 
Groisser, 1989], [Gil-Medrano, Michor, 1990] and from 3.2 and 2.6 we see that 
they are completely analogous for every positive a. 

For fixed x E M there exists a family of homothetic pseudo metrics on 
the finite dimensional manifold S'^T*M whose geodesies are given by the 
evaluation of the geodesies of {M.*^, G") (see [Gil-Medrano, Michor, 1990] for 
more details). When a is negative, it is not difficult to see, from 3.2 and 2.6 
again, that a geodesic of {Ai^, G") is defined for all t if and only if the initial 
velocity h satisfies 'y°'{h, h) < and trff > at each point of M and then 
the same is true for all the above pseudo metrics on S\T*M. These results 
appear already in [DeWitt, 1967] for n = 3. 

3.3. The local signature of G" . Since G" operates in infinite dimensional 
spaces, the usual definition of signature is not applicable. But for fixed g e 
M.'^ the signature of 

lti^x,kx) = tT{{g-^ha:)oig~'^ka;)o) + atT{g-^ka:)tT{g-^ka:) 

on Tg{S'^T*M) = S'^T*M is independent of x G M and the special choice of 
g E Jvi'i. We will call it the local signature of G". 

3.4. Lemma. The signature of the quadratic form of 3.3 is 

^/ X / N f /or a > 
Q{a,q) = q{q-n) + \ 

y 1 for a < 0. 
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This result is due to [Schmidt, 1989]. 

Proof. Since the signature is constant on connected components we have to 
determine it only for a = - and a = - — 1. In a basis for TM and its dual 
basis for T*M the bilinear form h e S^T*M has a symmetric matrix. If the 
basis is orthonormal for g we have (for = A and C* = C) 

which describes the typical matrix in the space Lsym.,g{TxM., T^M) of all H e 
L{Tj;M,TxM) which are symmetric with respect to g^. 

Now we treat the case a = ^. The standard inner product ix{HK^) is 
positive definite on Lsym^g(Ta;M, T^M) and the linear mapping K ^ has 
an eigenspace of dimension q{n — q) for the eigenvalue —1 in it, and a comple- 
mentary eigenspace for the eigenvalue 1. So iT{HK) has signature q{n — q). 

For the case a = ^ — 1 we again split the space Lsym,g{Tj;M, T^M) into the 
subspace with on the main diagonal, where 7^ (/i, k) = tr (HK) and where 
K ^ has again an eigenspace of dimension q{n — q) for the eigenvalue —1, 
and the space of diagonal matrices. There 7^ has signature 1 as determined 
in the proof of 1.6. □ 

3.5. The submanifold of almost symplectic structures. 

A 2-form uj e n^{M) = C°°{h^T*M) can be non degenerate only if M is of 
even dimension dimM = n = 2m. Then uj is non degenerate if and only if 
wA - ■ ■ Aw = uj'^ is nowhere vanishing. Usually this latter 2m- form is regarded 
as the volume form associated with a;, but a short computation shows that 
we have 

vol(a;) = ^|a;-|. 
This implies rriLp A uj'^~^ = | tr{u~^(p)u"^ . 

3.6. Theorem. The space O^j(M) of non degenerate 2-forms is a splitting 
geodesically closed submanifold of {B, G") for each a 7^ 0. 

Proof. We consider a geodesic b{t) = fg^. metric in 

B starting at if' in the direction of h as in 2.6. If 6'^ = a; G O^j(M) then 
h e ri^(M) if and only if H — u)~^h is symmetric with respect to u;, since 
we have uj{HX,Y) = {uu;-^hX,Y) = {hX,Y) = h{X,Y) = -h{Y,X) = 
—(jij{HY, X) = (jj{X,HY). At a point a; e M we may choose a Darboux 

frame (e^) such that cv{X,Y) = Y*JX where J = ^ ^0^' "^^^^ ^ 

skew if and only if JH is a skew symmetric matrix in the Darboux frame. 
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or JH = H^J. Since (e^)* = e^* the matrix e«(*)^'^+''(*)^o has then the 
same property, h{t) is skew for all t. So f2^^(M) is a geodesically closed 
submanifold. □ 

3.7. Lemma. For a non degenerate 2-form uj the signature of the quadratic 
form (/? ^ ti{u}~^ipuj~^ip) on A?T*M is — m for a > and m? — m + 1 
for < 0. 

Proof. Use the method of 1.6 and 3.4; the description of the space of matrices 
can be read of the proof of 3.6. □ 

3.8. Symplectic structures. The space Symp(M) of all symplectic struc- 
tures is a closed submanifold of G"). For a compact manifold M it is 
splitting by the Hodge decomposition Theorem. For dimM = 2 we have 
Symp(M) = l]^j(M), so it is geodesically closed. But for dimM > 4 the 
submanifold Symp(M) is not geodesically closed. For u) G Symp(M) and 

V-' ^ Symp(M) the Christoffel form (</?,'!/') is not closed in general. 
The direct approach would need variational calculus with a partial differential 
equation as constraint. This will be treated in another paper. 

4. Splitting the manifold of metrics 

The developments in this sections were ignited by a question posed by 
Maria Christina Abbati. The second author wants to thank her for her ques- 
tion. 

4.1. Almost product structures with given vertical distribution. Let 

M be a smooth finite dimensional manifold, connected for simplicity's sake, 
and let F be a distribution on it. We will denote by (TM, tt, M) the tangent 
bundle, by (V, ttv-, M) the vector subbundle determined by y, and by {N = 
TM/V,7:n, M) the normal bundle. Let i : V ^ TM denote the embedding 
of V and p : TM -» N the epimorphism onto the normal bundle. 

Let us recall that an almost product structure on a manifold M is a (1,1)- 
tensor field P (i.e. P e C°° {L{T M ,T M))) such that = Id. It is evident 
that an almost product structure P on M induces a decomposition of TM 
of the form TM = ker(P — Id) © ker(P -|- Id). These subbundles are called 
vertical and horizontal and will be denoted by , respectively . We also 
have in a natural way two projectors = \{P -\- Id) and h^ = ^{Id — P), 
the vertical (over V^), and the horizontal (over H^) projections. The almost 
product structure P also determines a monomorphism Cp : N ^ TM., called 
the horizontal lifting, given hj Cp o p = h^; it is an isomorphism onto 
inverse of p\II^ . 

For a given distribution y in M we will denote by Vv{M) the space of 
all almost product structures with vertical V (i.e. such that V — V^). So, 
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giving an element of Vv{M) is equivalent to choosing a subbundle of TM 
supplementary of F, this subbundle is given then by ker(P + Id). 

4.2. Proposition. The space Vv{M) of almost product structures with verti- 
cal distribution V is a real analytic manifold with trivial tangent bundle whose 
fiber is e C^{L{TM,TM)) : im^ C F C ker^} 

Proof. We topologize C°°{L{TM, TM)) in such a way that it becomes a topo- 
logical locally affine space whose model vector space is the space 

C^{L{TM, TM)) 

of sections with compact support. Then 

Vv{M) = {Pe C^{L{TM, TM)) : = Id , ker(P - Id) = V} 

is a closed locally affine subspace of C°° {L{TM, TM)), and thus a real analytic 
manifold. 

The tangent space at P is given by 

{e e C^{L{TM, TM)) :VGkeT^,^P + PC = 0}. 

Now, for a (1, 1) -tensor field ^ the conditions V C ker ^ and ^P + P^ = are 
equivalent to h^^ = and ^v^ = 0. The last couple of conditions can be 
written only in term of F as im ^ gVg ker ^. □ 

4.3. For each metric ^ on M we have a canonical choice of a complementary 
of V, just by taking the orthogonal with respect to that metric, V-^'^ , that 
defines an almost product structure given by P\V = Id and P\V^'^ = —Id 
(This structure is such that {g, P) is an almost product Riemannian structure, 
i.e. g{P-., P-) = fif(-, ■) ). g also determines a metric on the bundle {V, Try, M) 
simply by restriction and a metric on the normal bundle {NjTTn, M) as the 
restriction to V-^'^ via the isomorphism given by the horizontal lifting. 

Conversely, given an element P of Vv{M) and metrics gi G A^(A^) and 
g2 G M.{V) a metric on M can be defined by g{-, ■) — giip-,p-) + g2iv^-, v^-). 
It is easy to see that a bijection is then established between M{M) and 
VviM) X MiN) X MiV). 

4.4. Proposition. There is a real analytic diffeomorphism 

M{M) ^ M{N) X M{V) X Vv{M) 

Proof. In order to show that the above bijection is in fact a real analytic 
diffeomorphism it will be convenient to write the maps in the following way: 
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Let $ be the map from M{M) to M{N) x M{V) x Vv{M) and let Hi, Ha, 
113 the projections. We identify each metric g with its associated mapping 
g : TM T*M, so that M{M) C C°°{L{TM,T*M)). 

We let gv denote the restriction of the metric g to the subbundle V, as- 
sociated to it is the vector bundle isomorphism gv — i*gi : V ^ V* , where 
i : V ^ TM is the injection and i* : T*M V* is its adjoint. Then 
U2 o ^g) = gv. 

It is easy to see that the associated almost product structure described 
above is given by o $((7) = 2igy^i*g — Id. 

Let us denote Cg the horizontal lifting determined by Us o ^{g) (then, 
Cgp = Id - igv^i*g) and C* its adjoint. Then, IIi o ^(^f) = C*gCg. 

Now, the inverse of $ is given by "^{gi, g2, P) — p*gip + {v^)*g2V^ . 

Thus both $ and are the push forward of sections by a fiber respecting 
smooth mapping which is fiberwise quadratic, so it extends to a fiberwise 
holomorphic mapping in a neighborhood between the complexifications of the 
affine bundles in question. By the argument used in the proof of [Gil-Medrano, 
Michor, 3.4] they are real analytic. □ 

4.5. We have seen that any distribution on M induces a product structure 
on Ai. We consider now the Riemannian manifold { Ai, G), and we are going 
to see that there exists a metric on A4{N) x M{V) and a family of metrics on 
Vv{M) such that G is what is usually called a product manifold with varying 
metric on the fibers, although it is not the product metric. 

To show that we will need some formulas which are obtained by straight- 
forward computations. 

For each {gi,g2) G M.{N) x M.{V) we have the immersion ^'(^1,32) • 
Vv{M) M. The tangent map, at a point P e Vv{M), 

■ {e e C^{L{TM,TM)) : imC C F C ker^ ^ C^{S''T*M) 

is given by Tpvl/(,,,,,)(e) = l{{vPy g^^ + ^ g^v^}. 

For each P e Vv{M) we have the immersion \I/p : M{N) x M{V) — >■ M. 
The tangent map, at a point (fi'1,5'2) ^ M{N) x M{V), 

^(<?i,52)*P : C^{S'^N*) X ^ C^{S'^T*M) 

is given by T^g^^g^^^ pihiM) = p*hip+ {v^)*h2V^ . 

For each g & Ai the tangent map, at g, of the submersion Ila o $ is given 
by Tg{Ils o $)(/i) = 2v^ g~^hh^ and the tangent map, at g, of the submersion 
(Hi, U2) o $ is given by {Tg{U^, U2) o $)(/i) = {C*ghCg, i*hi). 
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4.6. If P is an almost product structure on a manifold M, each element 
H e C°°{L{TM, TM)) can be written as H = Hi + H2 where we have Hi = 
v^Hv^ + h^Hh^ and H2 = v^Hh^ + h^Hv^. That gives a decomposition 
of 

C^{L{TM,TM)) = Vi{P)®V2{P) 

where 

Vi{P) = {H e C^iL(TM,TM)) : H(V^) C and H(H^) C H^}, 

V2{P) = {H e C^{L{TM,TM)) : H{V^) C H^ and H{H^) C V^}. 

4.7. Let us assume now that a distribution V has been fixed on M, for 
g e M and i = 1,2, let us denote V,{g) = {h e C^{S'^T*M) ; g'^h G 
Vi{{U3 0^){g))}. It is clear that if /i G C^{S'^T*M) and if we take H = ^-^/t 
then h = hi + h2 with /ij = ^ilfj, z = 1, 2. It is straightforward to see that 
if H is ^r-symmetric, then Hi and H2 are also ^r-symmetric. We have in that 
way two complementary distributions in Ad. 

4.8. Proposition. These distributions are mutually orthogonal with respect 
to the metric G on M.. They are both integrable, more precisely the leaves are 
the slices of the product. 

Proof. Vi and V2 are orthogonal to each other because for any h,k E Tg{A4) 
we have tr{HiK2) — tr{H2Ki) — and then, by the definition of G, 

Gg{h,k) = Gg{hl,kl) + Gg{h2,k2). 

The tangent space \E'(g^^g2)(P\/(M)) at the point g = "if (^g^ g^^{P) is the 
kernel of the tangent mapping Tg{{Ili, 112) 0$) which, by 4.5, is exactly 'D2{g). 
Analogously, the slice '^p{M.{N) x M.{V)) has as tangent at g the space 
kerT(,(n3 o which, again by 4.5, is equal to T>i{g). □ 

4.9. Proposition. The distribution T>i gives rise to a totally geodesic fo- 
liation. A non constant geodesic of M. issuing from g in the direction of 
a vector in 1^2 (fi*) has the property that it never meets again the leaf of T>2 
passing through g and that its tangent vector is never again in V2. 

Proof. Let g E M. and let ((71, (72, P) = ^{g)- The geodesic starting from g in 
direction of /i G Tg/A is given by [Gil-Medrano, Michor, 3.2] or 2.6: 

g{t) := Exp^(t/i) = gei'^Wd+hit)H,) ^ 

For the first assertion, if h e Vi{g) we have e("(*)^^+''(*)^o)(if^) c H^ , and 
^{a{t)id+h{t)Ho) (- y. gjj^(,g ^{a{t)id+h{t)Ho) singular both inclusions 
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are in fact equalities and, consequently, = . So g{t) G ^ p{M{N) x 

M{V)) for all t. 

Let us suppose now that h G T>2{g) then tr H = and consequently Hq = 
H. From [Gil-Mcdrano, Michor, 3.2] or 2.6 it is easy to see that a{t) ^ unless 
the geodesic is constant. For Vi,V2 G F we have 5'(t)(fi,f2) = e""^^^ g{vi,V2) 
and then g{t) G *(gi,g2)(7^y (M)) only for t = 0. 

From [Gil-Medrano, Michor, 4.5], or 2.6 (for a = ^) we have that 

^/ N / N 1 // N ir,«m /^4tr(f/") +nnr(i72) \ 
P{t) := g{t)-^g'{t) = e-^"«W f ^^^^^^ ^ — + Hoj , 

where n — dimM. Now, for h G V2{g), we have g'{t) G V2{g{t)) if and only 
if the coefficient of Id is zero. If this happens for some t ^0 then tr(i7^) = 
which implies that H = 0. □ 

4.10. For each P G Vv{M), one can define a metric on M{N) x by 
= ii/*pG and for each (^1,^2) e M{N) x M{V) a metric on Vv{M) can 

be defined by G3i,92 _ ^*^^ ^2)^" '^^^ ^^"^^ propositions are devoted to the 
study of these metrics. 

4.11. Proposition. All the metrics G^ on M.{N) x M.{V) are the same. 
Proof. From 4.5, for {hi, /i2), (/ci, /C2) G T^g^^g^)M{N) x we have 

G^^,,,,,){{huh2\{kuk2))=Gg{h,k) 

where £f = = p*gip+ {v^Yg2{v^), h = p*hip + iv^)*h2iv^) and 

k = p*kip+lv^)*k2{v^). 

It is easy to see that H = g~^h is given by if = CpHip + iH2V^ with 
Hi = t/r^/ii, H2 = c/2"^^2 and then, HK = CpHiKip + iH2K2vP . 

Now, if we take, at each point, a base of TM which is obtained from basis 
of V and N via the maps i and Cp we see that tr HK = tr HiKi + tr H2K2 
and then 

Gg{h,k)= I {tri?iKi + tri?2i^2}vo%). 

The integrand does not depend on P and ^o\{g) is also independent of P 
because if we have a curve g{t) in ^ {g^,g2)iJ^v{M)) then g'{t) G V2{g{t)) by 
the proof of 4.8, and so tr{g{t)~^g'{t)) = 0. From the expression of {vol{g{t))y 
(see 2.2) we conclude that vol{g{t)) is constant. □ 

We wiU denote this metric on M{N) x M{V) by G. 
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4.12. Proposition. For each {91,92) G M{N) x M{V) the metric G^^'^^ 
on VviM) is flat. Its exponential map, at each point, is then given by 

Proof. From 4.5 we see that for ^, e TpVviM) we have 

where ^ = ^'(g^, (^) = P* 9iP + {'"^Y 92{v^), 2/t = {v^)* 92^ + ^* 92{v^) and 
2k = {v''Yg2Tl + v"92{v''). 

Now, 92 — 1*91 and then 2h — {v^)*9^ + ^,*9{v^). Having in mind the 
definition of and the facts that P*9 = 9P and that, for ^ e TpVv{M), 
-P^ = C we have that 2h — 9$, + ^*9 and then 2H = ^ + 9~^^*9; analogously 
2K = r]+9~^r]*9. Consequently 4HK — ^'r]+^9~^r]* 9+9~^$,*9r)+9~^$,*r)*9 = 
^9~^r]*9 + 9~^C*9r], the last equality because ^t] = 0. 

The distribution V is contained in the kernel of the mapping ^*92T] : TM — > 
T*M; the annihilator of V contains the image of this mapping. So there is a 

unique mapping (,*92'n '■ N — > N* such that p*^*92VP = C*92V- 

Then 9~^^*9r] = 9~^^*92V = Cp9i ^*92VP and by an argument similar to 
that in 4.11 tr(^~-^^*^2'7) = ^T^i9i^^*92'r])- So, we conclude that 

G?>^''^(e,^) = J / M9l'f9^v)+tr{9l'v*9^0}yol{9) 

which is independent of P because vol(5f) does not depend on P as we have 
shown in 4.11. 

So, all the metrics are flat and then it is immediate that geodesies are just 
straight lines. □ 

Remark. For an element i e TpVv{M), = and then = Id + ^ and 
geodesies can also be written in the form P{t) = Pe*^. 

4.13. Proposition. In the suhmanifold (^g^^g^){Vv{M)) the geodesic start- 
ing at 9 = ^'(^^^^2) ^'^^ direction of h & ^2(5') is given by 

9(t) = 9(Id + tH + t^H'^h^). 

Proof. The splitting submanifold (^g^^g^){Vv{M)) of {M,G) with the re- 
stricted metric is isometric to (Py(M), G^^'^^). The geodesic of the submani- 
fold (^g^^g^){Vv{M)) starting at = (^g^^g^-){P) in the direction of /i e ^^2(6') 
is given by 

9it) = =p'9iP+{v''^''^r92{v''^% 
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where P{t) = P + 2tvPg-'^hh^, by 4.5 and 4.12. Using 4.1 and 4.3 we have 
gi = CggCg, g2 = i*gi, Cgp = and then 

= (hygh'' + {vygiv'') + t'{v^Hh''Yg{v''Hh'') 

+ t{{v^Hh^)*gv^ + {v^)*g{v^Hh^)} 
= g{Id + t{h^Hv^ + v^Hh^} + eh^Hv^Hh^), 

the last cquahty because , , H are ^r-symmetric. Finally, recalling that 
h e 1^2(9) we have 

g{t) ^ g + th + t'^gH^h^. □ 

4.14. Theorem. The map (ni,n2)o$ : {M,G) (MiN) x MiV),G) is a 
Riemannian submersion. In fact, {M.,G) is a product manifold with varying 
metric on the fibers. 

Proof. It follows by straightforward computation that 

= {{U^,U2) o $)*G(,„,,) + (Ha o □ 



References 

DeWitt, B. S., Quantum theory of gravity. I. The canonical theory, Phys. Rev. 160 (5) 

(1967), 1113-1148. 

Ebin, D., The manifold of Riemannian metrics, Proc. Symp. Pure Math. AMS 15 (1970), 
11-40. 

Freed, D. S.; Groisser, D., The basic geometry of the manifold of Riemannian metrics and 
of its quotient by the diffeomorphism group, Michigan Math. J. 36 (1989), 323-344. 

Prohcher, Alfred; Kriegl, Andreas, Linear spaces and differentiation theory. Pure and Ap- 
pHed Mathematics, J. Wiley, Chichester, 1988. 

Gil-Medrano, Olga; Peter W. Michor, The Riemannian manifold of all Riemannian met- 
rics, to appear, Quaterly J. Math. (Oxford) (1990). 

Greub, Werner; Halperin, Steve; Vanstone, Ray, Connections, Curvature, and Cohomology 
I, Academic Press, New York and London, 1972. 

Kainz, G.; Michor, P. W., Natural transformations in differential geometry, Czechoslovak 
Math. J. 37 (1987), 584-607. 

Kriegl, Andreas; Michor, Peter W., A convenient setting for real analytic mappings. Acta 
Mathematica 165 (1990), 105-159. 

Michor, Peter W., Manifolds of differentiable mappings, Shiva, Orpington, 1980. 

Michor, P. W., Manifolds of smooth mappings IV: Theorem of De Rham, Cahiers Top. 
Geo. Diff. 24 (1983), 57-86. 

Michor, Peter W., A convenient setting for differential geometry and global analysis I, II, 
Cahiers Topol. Geo. Diff. 25 (1984), 63-109, 113-178.. 



22 OLGA GIL-MEDRANO, PETER W. MICHOR, MARTIN NEUWIRTHER 



Michor, P. W. , Gauge theory for diffeomorphism groups, Proceedings of the Conference on 
Differential Geometric Methods in Theoretical Physics, Como 1987, K. Bleuler and M. 
Werner (eds.), Kluwer, Dordrecht, 1988, pp. 345-371. 

Neuwirther, Martin, A family of pseudo metrics on the space of all pseudo metrics, Diplo- 
marbeit, Universitat Wien, 1990. 

Schmidt, Hans-Jiirgen, The metric in the superspace of Riemannian metrics and its relation 
to gravity. Differential Geometry and its Applications, Brno, Csechoslovakia, 1989, 
World Scientific, Singapur, 1990, pp. 405-411. 

Varadarajan, V. S., Harmonic analysis on real reductive groups, Lecture Notes in Mathe- 
matics 576, Springer- Verlag, Berlin-Heidelberg-New York, 1977. 

O. GIL-MEDRANO: DEPARTAMENTO DE GEOMETRI'a Y TOPOLOCfA, Facultad de 

Matematicas, Universidad de Valencia, 46100 Burjassot, Valencia, Spain 

P. W. Michor., M. Neuwirther: Institut fur Mathematik, Universitat Wien, 
Strudlhofgasse 4, A-1090 Wien, Austria 



